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The aim of this paper is to discuss the homotopy properties of locally well-behaved spaces.
First, we state a nerve theorem. It gives suﬃcient conditions under which there is a weak
n-equivalence between the nerve of a good cover and its underlying space. Then we con-
clude that for any (n − 1)-connected, locally (n − 1)-connected compact metric space X
which is also n-semilocally simply connected, the nth homotopy group of X , πn(X), is
ﬁnitely presented. This result allows us to provide a new proof for a generalization of
Shelah’s theorem (Shelah, 1988 [18]) to higher homotopy groups (Ghane and Hamed,
2009 [8]). Also, we clarify the relationship between two homotopy properties of a topo-
logical space X , the property of being n-homotopically Hausdorff and the property of
being n-semilocally simply connected. Further, we give a way to recognize a nullhomotopic
2-loop in 2-dimensional spaces. This result will involve the concept of generalized dendrite
which introduce here. Finally, we prove that each 2-loop is homotopic to a reduced 2-loop.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The nerve theorems permit us to divide a topological space into pieces and endow it with a structure that resembles a
triangulation. Nerve theory applies to spaces which admit an open cover satisfying strong intersection conditions.
For a topological space X and any cover U of X , we can form the Cech-nerve N of the cover U . There are many variations
of the nerve theorems in the literature. They usually claim that if U is a family of nice subsets covering a space X and if
all intersections of the elements are topologically simple then the topology of the nerve agrees with the topology of the
underlying space X .
Now it is interesting to ask if there are conditions under which the nerve N of a cover is weakly equivalent (or weakly
n-equivalent) to the original space X . More generally, a natural question is when the Cech-nerve N can be related to the
original space X .
In this setting, we derive some results. In Section 2, we deﬁne a good open cover for a path connected, locally (n − 1)-
connected metric space X , which is called (2,n)-set simple. Then we prove a nerve theorem. It says that the certain locally
well-behaved spaces have covering nerves whose nth-homotopy groups are isomorphic to that of the spaces.
Theorem 2.4. Suppose X is an (n − 1)-connected and locally (n − 1)-connected separable metric space and V is an open cover of
(n− 1)-connected open subsets of X . Also, suppose U is a locally ﬁnite reﬁnement of V which is (2,n)-set simple open cover of X with
the nerve N. Then πn(N) is isomorphic to πn(X).
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Corollary 2.5. If X is an (n − 1)-connected, locally (n − 1)-connected compact metric space which is n-semilocally simply connected
then πn(X) is ﬁnitely presented.
This corollary provides a new proof for a generalization of Shelah’s theorem [18] to higher homotopy groups [8].
Theorem 2.6. Suppose X is a compact metric space which is (n−1)-connected and locally (n−1)-connected. Then the nth homotopy
group of X, πn(X), is either ﬁnitely presented (in this case X is n-semilocally simply connected) or uncountable.
In Section 3, we discuss n-loops of separable metric spaces. In particular, we concentrate on locally well-behaved spaces,
for instance the spaces which are n-semilocally simply connected or locally n-connected.
Let us note that homotopy groups have been used as a standard tool in the theory of nerves. Some of our results sug-
gest that the spaces which are n-semilocally simply connected or locally n-connected have well-understood nth-homotopy
groups.
However, general n-dimensional separable metric spaces have a much more complicated homotopy structure. For in-
stance, consider n-dimensional Hawaiian earring Hn , which is deﬁned to be the union of n-spheres of radius 1i , for i ∈ N,
tangent to the n-plane x1 = 0, and passing through the origin. It is known that it is uncountable [9]. Moreover, it is isomor-
phic to the inverse limit of ﬁnitely generated free Abelian groups (see [9] for more details). It seems that the nth homotopy
group of n-dimensional Menger space is more complicated. This space is important topologically, but not well-understood
homotopically.
Also, we introduce the property of being n-homotopically Hausdorff, in Section 3.
Deﬁnition 3.3. A topological space X is said to be n-homotopically Hausdorff at a point x0 ∈ X if for any essential n-loop
f : (In, ∂ In) → (X, x0), there exists an open neighborhood of x0, which contains no n-loop based at x0 to be homotopic to f .
X is called n-homotopically Hausdorff, if X is n-homotopically Hausdorff at x0, for every x0 ∈ X .
This property intuitively says that essential n-loops in the space X can be separated from the trivial n-loop by an open
set. It is immediate that n-semilocally simply connected spaces are n-homotopically Hausdorff.
Proposition 3.4. A path connected, locally path connected, ﬁrst countable, n-homotopically Hausdorff topological space with countable
nth homotopy group is n-semilocally simply connected.
Also, we give a way to recognize a nullhomotopic 2-loop in 2-dimensional spaces.
Theorem 3.7. Suppose X is a connected, locally connected, 2-dimensional Hausdorff separable metric space and f : S2 → X is a null-
homotopic 2-loop in X which has a contraction f ′′ : B3 → X. Also, let f ′′ can be retracted into the image of f . Then f factors through
a surjective map f ′ : S2 → D, where D is a connected, locally connected compact k-dimensional (1 k  2) metric space. Moreover,
it does not separate R3 .
The space D is called a generalized dendrite. Let us note that in our proof, we apply some facts of decomposition theory
for topological space D which cannot be extended to higher dimensional spaces.
Moreover, we introduce a simple representative for an n-loop which is called a reduced n-loop.
Deﬁnition 3.15. Let f : (Sn,1) → (X, x0) be a nonconstant n-loop. f is called reducible if there is a topological n-cube I in
Sn \ {1} such that f (∂ I) = x′ , for some x′ ∈ X and resulting n-loop based at x′ deﬁned by f |I is nullhomotopic. We say f is
reduced if it is not reducible. Note that, a constant n-loop is, by deﬁnition, reduced.
Theorem 3.16. Every 2-loop f : (S2,1) → (X, x0) is homotopic to a reduced 2-loop.
2. A nerve theorem for locally well-behaved spaces
For a topological space X and any cover U = {Ui ⊆ X : i ∈ I} of X , we can form the Cech-nerve N of U . We recall that
the nerve N is a simplicial complex which its vertices are the elements of U and its simplices are the ﬁnite subcollections
{U1, . . . ,Un} of U such that ⋂ni=1 Ui = ∅, see [15].
Nerve theorems give conditions under which the nerve of a good cover is weakly equivalent (or weakly n-equivalent)
to the underlying space. The ﬁrst example of such theorems is attributed to Borsuk [3]. It asserts that if U is a good cover
then its nerve adequately captures the topology of the union of the members of U .
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were studied by Bjorner [1].
The goal of this section is to prove a nerve theorem for locally well-behaved spaces.
First we recall a number of standard deﬁnitions. A topological space X is called n-semilocally simply connected at a
point x if there exists an open neighborhood U of x for which any n-loop in U is nullhomotopic in X . We say that X is
n-semilocally simply connected provided that it is n-semilocally simply connected at each point. X is called n-connected,
for n  0, if it is path connected and its kth homotopy group is trivial, for each 1  k  n. Moreover, X is called locally
n-connected if for each x ∈ X and any neighborhood U of x, there is a neighborhood V ⊂ U ⊂ X containing x so that the
induced map πk(V ) → πk(X) (by inclusion) is zero map, for all 1 k n.
Deﬁnition 2.1. Let U be any open cover of a path connected and locally (n − 1)-connected metric space X . The cover U is
called (2,n)-set simple if each element of this cover is (n− 1)-connected and each n-loop in X that lies in the union of two
elements of U is contractible in the space X .
Note that, if C is a connected simplicial complex, then the cover Star(C) consisting of open stars of all vertices of C is a
(2,n)-set simple open cover of that simplicial complex.
Deﬁnition 2.2. Let X be a path connected topological space and x0 ∈ X . Also, let U be an open cover of X and f , g be two
n-loops in X based at x0. We say that f and g are U -related, if they can be parameterized such that for each x ∈ In , f (x)
and g(x) lie in the common element of U .
Lemma 2.3. Let X be an (n − 1)-connected, locally (n − 1)-connected separable metric space and U be a locally ﬁnite open covering
of X which is also (2,n)-set simple. If f , g : (In, ∂ In) → X are two U -related n-loops based at x0 ∈ X then their homotopy classes
coincide, that is [ f ] = [g].
Proof. We prove the assertion for n = 2, the general case follows similarly.
Let α,β : (I2, ∂ I2) → X be two U -related 2-loops of X based at x0 ∈ X . By compactness of I2, we can ﬁnd a ﬁnite
partition P = {I1, . . . , In} of I2 into closed 2-cubes with disjoint interior such that for each j ∈ {1, . . . ,n}, α(I j) and β(I j)
both lie in one element U j of U . For each j, we set α j = α|I j and β j = β|I j .
We claim that α j is homotopic to β j , for each j = 1, . . . ,n. Indeed, let vij , i = 1,2,3,4, be the vertices of I j . We
put α(i, j) = α j(vij) and β(i, j) = β j(vij). Also, we connect α(i, j) to β(i, j) by a path pij which lies entirely in U j . By
1-connectivity of U j , the closed paths induced by pij and edges of α(I j) and β(I j) are nullhomotopic, so we can ﬁll it by
homotopy in U j .
Now the 2-loop induced by these 2-cubes, α(I j) and β(I j) entirely lies in U j and so it is nullhomotopic, since U is
(2,2)-set simple. This implies that α j is homotopic to β j , for each j = 1, . . . ,n. Hence, the 2-loop α is homotopic to the
2-loop β , this means that [α] = [β], as desired. 
Theorem 2.4. Suppose X is an (n−1)-connected, locally (n−1)-connected separable metric space and V is an open cover of (n−1)-
connected open subsets of X . Also, suppose U is a locally ﬁnite reﬁnement of V which is (2,n)-set simple open cover of X with the
nerve N. Then πn(N) is isomorphic to πn(X).
Proof. As above, we prove the statement for n = 2. A similar argument can be applied to the general case. First, note that
any closed path α : S1 → X lies entirely in any element C of V is nullhomotopic and has an extension α˜ : B2 → X whose
image also lies in C , by 1-connectivity of C .
Since X is a separable metric space, we may assume that V is countable. Let K i denote the i-skeleton of the nerve N .
By Theorem 7.3 of [5], the fundamental group of N is isomorphic to the fundamental group of X , so N is 1-connected.
Hence, by Proposition 11.6 of [4], π2(K 3) is isomorphic to π2(N) and in particular, π2(K 3) is the factor subgroup of π2(K 2)
constructed by factoring by the normal subgroup of π2(K 2) generated by boundary words of 3-simplices in K 3.
Recall that by deﬁnition, the vertices in N are in one-to-one correspondence with the elements of U . Let Ui denote the
open set in U corresponding to vertex vi in N , i = 0,1, . . . . Also, recall that the edges (1-simplices) of N correspond to the
pair of vertices (vi, v j) such that Ui ∩U j is nonempty and that in general, the k-simplex of N corresponds to (k+ 1)-tuples
(vi0 , vi1 , . . . , vik ), where Ui0 ∩ · · · ∩ Uik is nonempty, for k = 0, . . . ,n. For each vertex vi in N , choose a point v˜ i in Ui .
For each edge (vi, v j) in N , choose a path p(v˜ i, v˜ j) between points v˜ i and v˜ j whose image lies in Ui ∪ U j and whose
domain is the edge (vi, v j). This deﬁnes a continuous map f1 : K 1 → X . Let T = (vi0 , vi1 , vi2 ) be a 2-simplex in N . Then
the boundary path is the sequence of edges (vi0 , vi1 )(vi1 , vi2 )(vi2 , vi0 ) and the image of this path in X is the concatenation
of paths p(v˜ i0 , v˜ i1 )p(v˜ i1 , v˜ i2 )p(v˜ i2 , v˜ i0). Since U is (2,2)-set simple, we choose a point v˜012 ∈ Ui0 ∩ Ui1 ∩ Ui2 and path pi j
from v˜012 to v˜ i j lying entirely in Ui j , for j = 0,1,2.
Now the closed path p(v˜ i j , v˜ ik )p¯ik pi j lies entirely in Uik ∪ Ui j , for k, j ∈ {0,1,2} and U is (2,2)-set simple, hence it is
contractible and one can ﬁll it by homotopy in Ui ∪ Ui . In this way, we obtain a 2-simplex, denoted by σ(v˜012, v˜ i , v˜ i )k j j k
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f2 from K 2 to X . We prove that f2∗ induces a homeomorphism h from π2(K 3) to π2(X) by showing that the image under
f2∗ of the boundary of each 3-simplex in K 3 is nullhomotopic in X .
Indeed, let S = (vi0 , vi1 , vi2 , vi3 ) be any 3-simplex in K 3 whose boundary is the following sequence of faces
∂ S = (vi0 , vi1 , vi2)(vi0 , vi1 , vi3)(vi0 , vi2 , vi3)(vi1 , vi2 , vi3),
and its image in X is the concatenation of faces
σ(v˜ i0 , v˜ i1 , v˜ i2)σ (v˜ i0 , v˜ i1 , v˜ i3)σ (v˜ i0 , v˜ i2 , v˜ i3)σ (v˜ i1 , v˜ i2 , v˜ i3).
Similar to the above argument, we choose a point w˜0123 in Ui0 ∩Ui1 ∩Ui2 ∩Ui3 and the paths qi j , j = 0,1,2,3, from w˜0123
to v˜ i j lying in Ui j and the paths ri jk from w˜0123 to v˜ jkl , j,k, l ∈ {0,1,2,3}, lying in Ui j ∩ Uik ∩ Uil . Again, the closed paths
p(v˜ i j , v˜ ik )q¯ikqi j and ri jk pik q¯ik lie entirely in Ui j ∩ Uik and Uik , respectively for j,k ∈ {0,1,2,3}, so they are nullhomotopic.
Thus f2∗[∂ S] = 1π2(X) . Hence, we can extend f2 to a continuous map f : K 3 → X . Since X is a metric space and U is locally
ﬁnite, it is enough to show that f# is injective by constructing an inverse.
It is easy to see that if U ′ is any subcover of U with nerve N ′ , then π1(N) ∼= π1(N ′) and π2(N) ∼= π2(N ′). By this fact,
we can assume that U is minimal. Now, similar to Theorem 7.3 of [5], we can choose a partition of unity P = {pU }U∈U
associated to the covering U to construct a continuous function f ′ : X → N . Also, we note that the cover Star(N) consisting
of open star of all vertices of N , is a (2,2)-set simple cover of N .
For each x ∈ X , let Ux = {U1, . . . ,Unx } be the collection of all open sets in U containing x and let Tx be the simplex in
N spanned by the vertices of N corresponding two elements of Ux . By minimality of U , we can choose x0 ∈ U1 \⋃nxi=2 Ui
and let k0 to be the vertex in N corresponding to U1. If c is any 2-loop in K 2 based at k0, then f ′( f (c)) is also 2-loop in
K 3 based at k0. In particular, the 2-loops c and f ′( f (c)) are star(N)-related. Now by Lemma 2.3, ( f ′ ◦ f )∗ is the identity
homomorphism on π2(K 3) and this implies that f∗ is injective, as desired. 
In the following we provide an application of our nerve theorem.
Corollary 2.5. If X is an (n − 1)-connected, locally (n − 1)-connected compact metric space which is n-semilocally simply connected
then πn(X) is ﬁnitely presented.
Proof. For each x ∈ X , we may choose an open neighborhood Ux of x, so that the inclusion map ik : πk(Ux, x) → πk(X, x),
k = 1, . . . ,n−1, is trivial. Let U1 denote a cover of X consisting of open sets Ux , for each x ∈ X . Since X is a compact metric
space, we can ﬁnd a ﬁnite reﬁnement U2 of U1, so that any two intersecting elements of U2 are both contained in a single
element of U1. Hence, we have a cover of X so that the kth homotopy group the union of any two intersecting elements
has trivial image in πk(X), for k = 1, . . . ,n. Now, we apply Theorem 2.4 which says that πk(X) ∼= πk(N), where N is the
nerve of the cover U2. Since N is a ﬁnite simplicial complex, πn(X) is ﬁnitely presented. 
Let us mention that there is an earlier result due to Shelah [18] which states that a path connected, locally path con-
nected metric space has a fundamental group which is either ﬁnitely generated or uncountable and in the latter case, the
space cannot be semilocally simply connected.
A generalization of Shelah’s theorem to higher homotopy groups has been established in [8]. However, Lemma 2.1 of [8],
which is ingredient in the proof of their main result, can be replaced by the previous corollary. Therefore, we obtain a new
proof for the main result of [8].
Theorem 2.6. Suppose X is a compact metric space which is (n−1)-connected and locally (n−1)-connected. Then the nth homotopy
group of X, πn(X), is either ﬁnitely presented (in this case X is n-semilocally simply connected) or uncountable.
3. On homotopy properties of n-loops
In this section, we discuss n-loops and homotopy groups of ﬁnite dimensional separable metric spaces.
In [5], Cannon and Conner introduced the notion of continuous representative for closed paths. Here, we generalize this
concept to n-loops.
Let X be a topological space and x0 ∈ X . Let {pi}i∈N be a sequence of n-loops in X based at x0. We say that an n-loop
p is a continuous representative of
∏∞
i=1 pi , if there are subintervals {Ii}i∈N of I = [0,1] with disjoint interiors such that⋃
Ii = I and subcubes Ini = Ii × In−1 with p|Ini is equal to pi up to reparameterization.
Lemma 3.1. If X is a topological space which has a countable local basis at x0 and {pi}i∈N is a set of n-loops based at x0 , then there
exists a continuous representative of
∏∞
i=1 pi , provided that for each countable local basis U1 ⊇ U2 ⊇ · · · for X at x0 and for all i ∈ N
the images of all but ﬁnitely many of the pi are contained in Ui .
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of the p j are contained in Ui . Suppose that pi,1, . . . , pi,ki ∈ Ui−1 \ Ui , and Ii,1, . . . , Ii,ki are subintervals of Ii with disjoint
interiors such that
⋃ki
l=1 Ii,l = Ii and p′i,l , l = 1, . . . ,ki , is the concentration of pi,l on the subcube Ii,l × In−1 (note that by
Lemma 2.5.1 of [16], this concentration exists and by the construction, p′i,l|Ii,l×In−1 is a reparameterization of pi,l).
We set Q 1 = p′1,1 ∗ · · · ∗ p′1,k1 and Q i = Q i−1 ∗ p′i,1 ∗ · · · ∗ p′i,ki for each i ∈ N.
Let p = limi→∞ Q i . Then by enumerating of Ii,l and pi,l , one can see that p is a continuous representative of ∏∞i=1 pi . 
The next lemma follows immediately as in Theorem 4.4 of [5].
Lemma 3.2. Let X be a topological space, let f : πn(X, x0) → L be a homomorphism to a group L, U1 ⊇ U2 ⊇ · · · be a countable local
basis for X at x0 , and Gi be the image of the natural map of πn(Ui, x0) into πn(X, x0). Then the sequence f (G1) ⊇ f (G2) ⊇ · · · is
eventually constant, provided that L is countable.
Homotopically Hausdorff spaces introduced by Cannon and Conner in [5]. The notion is motivated by the fact that the
loop space of any topological space X based at x0 is Hausdorff if and only if X is homotopically Hausdorff.
In particular, semi-locally simply connected spaces are homotopically Hausdorff.
In the following, we generalized this concept to a property for n-loops.
Deﬁnition 3.3. A topological space X is said to be n-homotopically Hausdorff at a point x0 ∈ X if for any essential n-loop
f : (In, ∂ In) → (X, x0), there exists an open neighborhood of x0, which contains no n-loop based at x0 to be homotopic to f .
X is called n-homotopically Hausdorff, if X is n-homotopically Hausdorff at x0, for every x0 ∈ X .
We note that each n-semilocally simply connected space is n-homotopically Hausdorff.
Proposition 3.4. A path connected, locally path connected, ﬁrst countable, n-homotopically Hausdorff space with countable nth ho-
motopy group is n-semilocally simply connected.
Proof. Let x0 ∈ X . We consider f : πn(X, x0) → πn(X, x0) the identity homomorphism, U1 ⊇ U2 · · · is any countable local
basis for X at x0 and Gi is the image of πn(Ui, x0) into πn(X, x0). By Lemma 3.2 and countability of πn(X, x0), the sequence
f (G1) ⊇ f (G2) ⊇ · · · is eventually constant, we set j ∈ N such that ⋂∞i=1 Gi = G j . Now the n-homotopically Hausdorffness
of X at x0 implies that G j = {1}. Since x0 is arbitrary, then X is n-semilocally simply connected. 
Now, we give a way to recognize a nullhomotopic 2-loop in 2-dimensional spaces. First, we recall some notions which
are needed.
Deﬁnition 3.5. A locally compact separable metric space X is called a generalized n-manifold, if X is a ﬁnite dimensional
ANR and if, for each x ∈ X , Hk(X, X − x) is isomorphic to Hk(Rn,Rn − {0}).
Deﬁnition 3.6. A decomposition G of a space X into closed subsets is upper semi-continuous (in abbreviation usc) if the
following equivalent properties are satisﬁed:
(1) The quotient space X/G is Hausdorff.
(2) The quotient map π : X → X/G is a closed map.
(3) For each open set U in X , the set U∗ =⋃{g ∈ G: g ⊂ U } is an open subset of X .
Technically speaking, the decomposition is upper semi-continuous ones, meaning that the decomposition elements ﬁt to-
gether in a fashion nice enough to ensure metrizability of the decomposition space. A subset C of a manifold M is said to
be cellular if there is a sequence {Bi} of n-cells in M such that Bi+1 ⊂ int(Bi) and C =⋂∞i=1 Bi . A compact subset C of a
space X is cell-like in X if, for each neighborhood U of C in X , C can be contracted to a point in U . It is a well known fact
that each cellular subset of a manifold is cell-like, see Corollary III.15.2B of [6].
There is a result, due to Kozlowski and Walsh [13], which asserts that cell-like usc decompositions of 3-manifolds cannot
raise dimension.
Theorem 3.7. Suppose that X is a connected, locally connected, 2-dimensional Hausdorff separable metric space and f : S2 → X is
a nullhomotopic 2-loop in X which has a contraction f ′′ : B3 → X. Also, let f ′′ can be retracted into the image of f . Then f factors
through a surjective map f ′ : S2 → D, where D is a connected, locally connected compact k-dimensional (1  k  2) metric space.
Moreover, it does not separate R3 .
1612 F.H. Ghane et al. / Topology and its Applications 158 (2011) 1607–1614Proof. By any modiﬁcations, we can assume that no point preimage of f ′′ separates R3 ⊃ B3. Indeed, we may order those
components Cα of point preimages which separate R3 in the following way:
We set Cα < Cβ if Cα lies in a bounded complementary domain of Cβ . It is easy to see that every Cα either is maximal
or lies in a maximal element. Now, for each maximal element Cα , map Cα and all its boundary complementary domains to
the same point to which Cα was mapped.
Suppose that G consists of all point preimages of f ′′ . One can extend G to all of R3 by adding in the individual points
of R3 \ G . It is easy to prove that G forms a cellular, upper-semi continuous decomposition of R3. Moreover, G is cell-like
(see [6] for more details).
Since R3 is a 3-dimensional manifold, Theorem III.12 of [6] implies that the dimension of R3/G is less than or equal
to 3.
Now by Corollary V.14 and Corollary III.12B of [6], R3/G is a generalized 3-dimensional manifold.
If we set D ′ = π(B3), where π :R3 → R3/G is the projection map, then we claim that D ′ is k dimensional, 1 k 2.
For, let Y denote the image of f . Since f is nontrivial and Y is connected and Hausdorff, then dim Y  1. Also, Y is a
closed subspace of X and thus dim Y  2 [7]. There is a map f ′′′ : D ′ → X such that f ′′ = f ′′′ ◦ π and each point preimage
of f ′′′ is totally disconnected. Hence, Theorem VI.7 of Hurewicz and Wallman [12] implies that dim D ′  dim X = 2. On the
other hand, R3/G and so D ′ are separable metric spaces (see Chapter 1 of [6]), apply Theorem 1.12.2 of [12] for f ′′′ , deduce
that dim(D ′)  dim(Y ) = k. Hence 1  dim(D ′)  2. We conclude that D = π(S2) which lies in D ′ , is a compact locally
connected, k-dimensional, 1 k 2, continuum. Moreover, D ′ is a subspace of a 3-dimensional generalized manifold which
does not separate R3. We call it a generalized dendrite. Clearly, the map f factors through the map f ′ = π |S2 : S2 → D , as
required. 
Note that in our proof, we have used some assertions of decomposition theory for topological space D which cannot be
extended to higher dimensional spaces.
Remark 3.8. Similar to [5], we can analyze the structure of the generalized dendrite D completely in terms of the geometry
of the decomposition {Hx: x ∈ D} of B3, where Hx denotes the convex hull of f ′−1(x) in B3, for each x ∈ D .
In the sequel, let us recall the following theorem of Kuratowski ([14, p. 347], see also [2] for more details). It investigates
the suﬃcient conditions under which a space Y can be retracted to a subspace X .
Theorem 3.9. Let X be a closed subspace of space Y such that dim(Y \ X) n, where n is a nonnegative integer.
If X is locally (n − 1)-connected then there is a neighborhood V of X in Y such that X is a retract of V .
If X is (n − 1)-connected and locally (n − 1)-connected then X is a retract of Y .
Corollary 3.10. Suppose that f : Bn+1 → Z is a continuous function from the disc Bn+1 into k-dimensional (k  n) separable metric
space Z . We set X = f (Sn) and Y = f (Bn+1). Suppose that X is (n − 1)-connected and locally (n − 1)-connected. Then Y can be
retracted into the image of Sn.
Proof. Since Z is Hausdorff and Bn+1 is compact, clearly f is a closed mapping. Also, Y is compact and k dimensional
(k n) and X is compact, (n − 1)-connected and locally (n − 1)-connected, by hypothesis. Hence, we can apply Kuratowski
theorem and we conclude that Y retracts to X , as desired. 
Remark 3.11. Consider a map f which satisﬁes the assumptions of the previous corollary with n = 2. Then, f can be
retracted into the image of S2. So, we can apply Theorem 3.7 for the restriction of f on the S2.
In the following, a result of [17] is presented which develops the last statement of Kuratowski theorem.
Deﬁnition 3.12. We say that a space X is an absolute extensor in dimension n if it is metric space and if every map into X
from a closed subset A of an n-dimensional metric space extends over an open neighborhood of A. The class of absolute
neighborhood extensor in dimension n is denoted by ANE(n) and its elements are called ANE(n)-spaces.
Let us note that for every metric space X and every integer n ∈ N, X is an ANE(n)-space if and only if X is locally
k-connected, for every k < n, see [17].
Now, we recall the following theorem from [17] which improves the Kuratowski theorem.
Theorem 3.13. If Y is at most n-dimensional ANE(n)-space and X is closed ANE(n)-subset such that the inclusion X ⊂ Y is weak
n-homotopy equivalence, then X is a retract of Y .
The following result follows immediately.
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connected space Y and the image f (Sn) is locally (n − 1)-connected subset such that the inclusion f (Sn) ⊂ Y is weak n-homotopy
equivalence, then f (Bn+1) can be retracted into the image of Sn. Moreover, Theorem 3.7 can be applied for the restriction of f on the
S2 , for the case n = 2.
Deﬁnition 3.15. Let f : (Sn,1) → (X, x0) be a nonconstant n-loop. f is called reducible if there is a topological n-cube I in
Sn \ {1} such that f (∂ I) = x′ , for some x′ ∈ X and resulting n-loop based at x′ deﬁned by f |I is nullhomotopic. We say f is
reduced if it is not reducible. Note that, a constant n-loop is, by deﬁnition, reduced.
Theorem 3.16. Every 2-loop f : (S2,1) → (X, x0) is homotopic to a reduced 2-loop.
Proof. Suppose that f is not nullhomotopic. Let Gα be any open set of S2 such that each component of Gα be a topological
2-cube of S2 does not contain the based point 1 of S2 and it represents a nullhomotopic 2-loop under f . Also, let U be a
collection of all such open sets. One can order the elements of U by inclusion. Suppose that {Gα : α ∈ I} is a totally ordered
subcollection of U ; that is, if α1,α2 ∈ A, then either Gα1 ⊆ Gα2 or Gα2 ⊆ Gα1 . We assert that G =
⋃
α∈A Gα belongs to U .
We must show that if J is a component of G , then J is a 2-cube of S2 and f | J deﬁnes a nullhomotopic 2-loop. Clearly, each
compact subset of J is covered by some single Gα , α ∈ A. Hence, there is a sequence Jα1 , Jα2 , . . . of 2-cube components
from Gα1 ⊆ Gα2 ⊆ · · · , with Jα1 ⊆ Jα2 · · · ⊆
⋃
i Jαi . If J = Jαi , for some i, we are done. Otherwise, there are two cases to
consider.
Case 1:
∂ Jαi ∩ ∂ Jαi+1 = ∅, for each i. Then Jαi+1 \ J¯αi has at most countable components, say Ui, j , j = 1,2, . . . , and the boundary
of each Ui, j is a simple closed curve. Therefore, f | Jαi and f |Ui, j are nullhomotopic, for each i and j. Shrinking each in its
own image yields a shrinking of 2-loop f |I .
Case 2:
There is a subsequence Jα1 ⊆ Jα2 ⊆ · · · such that ∂ Jαik ∩ ∂ Jαik+1 = ∅, for each k. Let for each k, there exists an integer l
such that:
Jαik = Jα j ⊆ Jα j+1 ⊆ · · · ⊆ Jα j+l = Jαik+1
and
∂ Jα j+n ∩ ∂ Jα j+n+1 = ∅, n = 0, . . . , l − 1.
Similar to the case 1, Jα j+n+1 \ J¯α j+n has at most countable components, say U j+n,m , and the boundary of each U j+n,m is a
simple closed curve. Then f |U j+n,m is nullhomotopic, for each j, n and m. Shrinking each in its own image.
Now, for each k, Jαik+1 − J¯αik = Vik is an annulus and clearly f |Vik is nullhomotopic. We shrink each f |Vik in its own
image yields a shrinking of the 2-loop f | J , in this case.
So, each chain {Gα : α ∈ A} has an upper bound. Then by Zorn’s lemma, there is a maximal element G .
Now, we homotope f on each component J of G to the constant map at the point f (∂ J ). We perform the homotopies,
then all of these homotopies together form a homotopy of f , denoted by f ′ .
It is easy to see that, G deﬁnes a cell-like upper semi continuous decomposition G ′ of S2 whose non-degenerate elements
of G ′ are the closure of the components of G . By Moore-decomposition Theorem [6], S2/G ′ is still a 2-sphere. Let π : S2 →
S2/G ′ , be the decomposition map. Then the map f ′′ = f ◦ π−1 : S2 → X is the desired reduced 2-loop homotopic to f . 
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